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Deep inelastic scattering ax—1 using soft-collinear effective theory
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Soft-collinear effective theorySCET) is used to sum Sudakov double logarithms in the 1 end point
region for the deep inelastic scattering structure function. The calculations are done in both the target rest frame
and the Breit frame. The separation of scales in the effective theory implies that the anomalous dimension of
the SCET current is linear in In, and the anomalous dimension for tRéh moment of the structure function
is linear in InN, to all orders in perturbation theory. The SCET formulation is shown to be free of Landau pole
singularities. Some important differences between the deep inelastic structure function and the shape function
in B decay are discussed.
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[. INTRODUCTION The exponential of y(a¢ln N)In N gives the leading Sudakov
double-logarithmic series.

The deep inelastic scattering cross section is the inclusive In this paper, Sudakov double logarithms in the end point
cross section for lepton scattering off a hadronic target ategion are calculated using soft-collinear effective theory
large momentum transfer. The cross section is conventionall{SCET) [3,4]. SCET allows one to compute the cross section
written in terms of structure functions of the momentumin the end point region in a systematic expansion to any
transfer Q° and a dimensionless variable<x<1. The desired accuracy. The results are free of Landau pole singu-
structure functiofs) F(x,Q?) cannot be computed in pertur- larities. The calculations are described in detail in both the
bation theory, but it€? dependence can. The structure func-target rest frame and the Breit frame, and give an instructive
tion contains large logarithms of the fornadin QZ/AéCD)n, example of the use of SCET. There are several unusual as-
which can be summed by evolvirfg(x,Q?) from the large  pects of SCET which are discussed here; the frame depen-
scaleQ? to a lower scaleu using the renormalization group dence of the way in which infrared divergences cancel be-
equationsyu is chosen to be a few GeV, parametrically of the tween the soft _and collinear modes, and the rglatipn between
order of A ocp, but still large enough that perturbation theory structure fun_cuons an(_j local operators wh|ch is different for
is valid. deep inelastic scattering argl decays. Consistency of the

As x—1, there are additional large logarithms that neeceffective theory implies that the SCET anomalous dimension
to be summed to get a reliable evaluation of the scatteringp linear in Inu, which leads to the form Eq(2) of the

cross section. The invariant mass of the final hadronic state erturbation series. The SCET calculation to the accuracy
presented here gives the moments of the structure function

5 including the first two exponentiated serigs, in Eq. (2), as
M2:Q (1-x) 0 well as all terms of ordews which do not vanish adN

X X ' —o0, The method used parallels that 8¢ Xy in Ref.[3].
Deep inelastic scattering structure functions in the Breit
frame (but not in the end point regiorwere considered in

andMy—0 asx—1. The total cross section is infrared fi- Ref [5] The SCET formalism used in this paper is described
nite, even though the real and virtual emission processes afg Refs.[4].

separately infrared divergent. In the region:1, real gluon

emission is suppressed, and the cancellation between real Il. OUTLINE OF CALCULATION

and virtual emission becomes more delicate, leading to large ) ] . )

corrections to the cross section. The form of the perturbation The calculation of the deep inelastic scattering cross sec-
series is most conveniently described in moment spacdion will be performed using a sequence of effective field
wherex—1 corresponds to large momenté—o, with the  theories. The scattering amplitude involves the interaction of
heuristic rule +x~1/N. As N—ox, the structure function @ lepton beam with a hadron target via a virtual photon. The
moments contain terms of the form'In°N with s<2r.  leptonic interactions are calculable using QED, and will not

These Sudakov double logarithms are important in the enge discgssed here. Th_e quantity of interest is the interaction
point region. The summation of these terms is well known0f the virtual photon with the hadronic target.

2 . .
and has been discussed extensively in the literdtLireThe _At scales much larger tha®“, the interaction of photons
general result is that thith moment of the structure func- with hadrons is described using the electromagnetic current
tion atQ?2, Fy(Q?) can be written a§l,2] of quarks interacting via the full QCD Lagrangian. The had-

ronic scattering amplitude is the matrix element of the elec-
tromagnetic current between the initial and final hadronic
INFn(Q?%) =fo(adnN)INN+f (agnN)+ agf,(adnN) states(see Fig. 1,

T ?) AR=(X|j#|P). 3
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k' E' run from u = Q to this scale using the anomalous dimension,
which is computed in Sec. V in both the target and Breit
k, E frames.

At the scaleQ?(1—x)~Q?\, p% is treated as large, and
so the final state can be integrated out. The time-ordered
product of two SCET currents can be replaced by a bilocal
light-cone operator whose target matrix element is the parton

X distribution function. This is done by integrating out the
field in SCET,; the resulting operator is written in terms of
ultrasoft quark fieldsy, in the target frame, and in terms of

n-collinear quark fields in the Breit frame. The bilocal op-
p erator is closely related to the Collins-Soper operjr

2

FIG. 1. The deep inelastic scattering process. The incoming lep] "€ Matching at scal@“A is discussed in Sec. VI.
ton with energyE scatters off a hadronic target with momentpro The last step, discussed in Sec. VII, is to run the bilocal
produce the final hadronic staxe operators fromQ?(1—x) to some low scalqu, and match

onto local twist-two operators which give the moment sum
rules for the deep inelastic structure functions.

The computations in this paper are given in the Feynman
gauge. The results, however, are gauge invariant, and valid in
any gauge. In the effective theory, one has separate gauge

invariance for the ultrasofty-collinear andn-collinear glu-
ons. This has been checked by explicit computation.
> (P|jHIXN(X]j"|P). (4 The entire analysis is presented for QCD with a single
X quark flavor of unit charge, to avoid unnecessary indices.
The final answer is given by summing the results of this
Lpaper over all flavors weighted with the square of their elec-

The invariant mass of the final hadronic state for generlt ic ch In addition to th u d
values ofx is of orderQ?. The final hadronic stat¥ can be romagnetic charges. In aadition 1o the curredig”y an

integrated out at the sca®@?, and the product of currents in én¥*én, one also has the Hermitian conjugate currents
Eq. (4) is replaced by a sum over local twist-two operators:,hy"gn and fnyﬂfn, which give the antiquark contribution,
when one takes moments of the cross section. This is ther equivalently, the crossed-graph contributions. By charge
conventional method of computing the deep inelastic scatteiconjugation invariance, the matching coefficients and
ing cross section. anomalous dimensions are the same for quarks and anti-
As x—1, the invariant mass of the final hadronic statequarks. The final result thus has a sum over both quark and
tends to zero. The invariant mass of the final hadronic state igntiquark distributions.
taken to be of ordeQ?\, with Q?>Q2\>A%p, and all

The cross section involves the square of the scattering am
plitude, and can be written in terms of the product of two
currents, summed over intermediate states,

results are computed in an expansionNn More details IIl. KINEMATICS
about this power counting scheme are given in Sec. Il C. ) o B
The scaleQ?\ is an infrared scale for the theory & and The scattering process is" +p—e~ +X. The proton

can be set to zero at leading order in an expansion.iin ~ momentum i, the incoming momegtum o; the virtual _pho—
this limit, the final hadronic state is massless, and cannot bt is g, the momentum transfer @“=—qg>0, andx is
integrated out. Instead, the final hadronic state can be treatégfined by

as a massless light-like jet, and is described by a collinear ) 5

quark in SCET. Thus for—1, the QCD current at scal@ = — q _ Q (5)

is matched onto an SCET current at sc@leThe coordinate 2P-q 2P-q°
axes are chosen so that the outgoing quark travels in the

n*=(1,0,0,1) direction, and is described by the collinearThe coordinate axes are chosen so that the virtual photon is
field &, of SCET. In the target rest frame, the incoming quarkin the z direction. It is useful to introduce the null vectors
has momentum of order the hadron target momeniygp, n#=(1,0,0,1) anch®= (1,0,0-1) which point in thez and
and is an ultrasoft quark. In the Breit frame, the struck quark_; direction, respectively. They satisfy the relation$

is back-scattered, so the incoming quark is rarcollinear =0, n%2=0, n-n=2. Any four-vectora® can be written as
quark, and is described by the fief, wheren= (1,0,0,

—1). The first step of the calculation is the matching of the 1 — 1
; — — . a*=—atn*+ —a n*+a", (6)
electromagnetic currenty* s onto the SCET currerd, y* ¢ 2 2 L
or &,y*&, in the target or Breit frame, respectively. The
matching coefficient is evaluated in Sec. IV. where
The next scale in the problem is the invariant mass of the .
hadronic statepz~Q?\~Q?(1—x). The SCET current is a'=n.a, a =n-a, (7)
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and a, is in the x-y plane. The dot product of two four-
vectors is

1 1
Zathb~+Za bt
2ab 2ab

a-b= (8)

_ai'bi,

and the integration measure can be written in light-cone co-

ordinates as

1
dk= Edk*dk‘dd‘zki . 9)
A. Target rest frame
In the target rest frame,q, =0, and Q?=—q?

=—qg*q . The deep inelastic limiQ?—x with x fixed is
given by takingg~ — at fixedq®, so thatq~>q*. Then

aq q
= PP q P (10
whereP* =M+ is the target mass, so that
q+:_XP+,
QZ
a =5p*
px =P (1-x),
px=P +q ~q-,
1-x
pi:QZT, 1Y

where px=P+q is the momentum of the final hadronic
state.

B. Breit frame

PHYSICAL REVIEW D68, 114019 (2003

Q Q
CQHIT —M/Q QFIT 13
so that
1—x=|6, (14)
and
px=Ql". (15

The = components of momentum in the Breit frame are
given by multiplying the= components of momentum in the
target rest frame by@/xP*)=~(Q/P*)~ for x~1.

C. Power counting

The end-point region ip3~Q?(1—x)~Q2\, with Q?
>Q2)\>A6CD. In this region, the final state still involves a
sum over many hadronic states, but has small invariant mass
and is jet-like. The dimensionless power counting parameter
N<<1 is introduced as the expansion parameter, antk 1
~N\.

The power counting is simplest in the Breit frame, where
¢"~QN and €~ ~Aqcp, SO thatP*~Q, P~ ~Aqcp, Px
~Q\, px~Q, g°~Q, g"~Q. There are three important
scales:(i) Q?, the invariant mass of the virtual photofii,)
Q?\, the invariant mass of the final state hadronic jet, and
(iii) M3~A%¢p, the invariant mass of the target. The scale
Q2\? does not play an important role in deep inelastic scat-
tering; it does for the shape function Bidecayq7].

Particles withp™~Q, p™~Q\2 andp, ~Q\ travel in
the n direction, and are described by-collinear fields

:,PTPL(X) in SCET. The large components of momentum,

p~ andp, are explicit labels on the field, and momentum of
orderQ\? is the Fourier transform of the coordinateThis

is analogous to the use of label-momentum for nonrelativis-
tic quarks in NRQCO 8]. Similarly, particles with momenta

The virtual photon carries only momentum, and no energyp* ~Q, p~~Q\? andp, ~ QA travel in then direction, and

in the Breit frame. The Breit frame is obtained from the
target rest frame by boosting along tkexis, so that the
proton and virtual photon have no component of momen-
tum in either frame. The momentum components in the Brei
frame are

px=Q+I17, (12

wherel = are fixed by settind®?>~Ql~ =M+ and

are described by-collinear fieldsgniN’

momenta of ordeQ\? are described by ultrasoft fields. In
{he Breit frame, the outgoing quark is described by an
n-collinear field, and the incoming quark is described by an

n-collinear field. The choice of coordinate axes is such that
the L components of label momentum are zero. The fields
will be referred to ast,, &, for simplicity.

The Breit frame is the natural frame to use to describe
deep inelastic scattering nea= 1. The power counting au-
tomatically implies that +x—0, by Eq.(14). Nevertheless,
it is instructive to also give results in the target rest frame.
The target frame is the best frame to compare deep inelastic
scattering withB— X;y. The target rest frame is also the
natural frame to use for generic values xf and is an
x-independent frame. The boost to the Breit frame depends
on x, though forx=1, the boost factor is approximately
constant. In the target rest frame, the incoming quark has
momentum of order ocp, and is described by an ultrasoft

. Particles with
Py
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one additional simplification—on-shell graphs in the effec-
tive theory are usually scaleless integrals, which vanish in
P2 pure dimensional regularization, and so have no finite part
[9]. This eliminates the need to compute the effective theory
@ graphs to determine the matching condition, which is given
0\0\ 66 by the finite part of the full theory graphs.

06 We will compute Eq(16) keeping the 1 terms to com-
pare with the matching computation using an infrared regu-
lator. The incoming and outgoing quarks in Fig. 2 have in-
variant masses that vanish in the limit>0, so the matching
) ) coefficient is obtained by evaluating the graph on-shell with
field. The outgoing quark has momentum com_ponepﬁs p2=p5=0. Evaluating the integral id=4—2e¢ dimensions
~NAqco/Q, px~Q2/AQCD, p§~Q>\. The outgoing quark gives
turns into a jet moving in tha direction, and so the outgoing

P1

FIG. 2. One-loop vertex correction to the electromagnetic cur-
rent in QCD.

particle can be described by arcollinear field. 2
oI, +4 ,
IV. MATCHING THE CURRENT AT  Q? V= ﬁcwu i — i - —Q —In?2%5
FROM QCD TO SCET 4 fuv  ex €R Q
The electromagnetic current in QCD is matched onto the
SCIQ’ current at the scaf@. The QCD_current is the opera- u? 2
tor ¢y*y, and the SCET current ianny“W%; in the -3 |naz—8+F : 17)

Breit frame, and?nwny“(// in the target rest frame. Here
W, are collinear Wilson lines which are required by collin-

ear gauge invariance. The matching condition will be com by th bscrint an H L
puted in(a) pure dimensional regularization, i.e. using di- VEr9ences by the subscript an However, it is important to

mensional regularization to regulate both the ultraviolet and‘®eP in mind that alk's are equal. The integral has el
infrared divergences, an@) by using dimensional regular- infrared divergence arising from a combination of soft and

ization for the ultraviolet divergences and off-shellness forcollinear divergences. It is this double divergence that leads
the infrared divergences. to the Sudakov double-logarithmic behavior in the end-point

The one-loop vertex graph for the electromagnetic currenf€dion. Inpure dimensional regularization, the wave-
in QCD is shown in Fig. 2, wherp, is the incoming quark function graphs are scaleless,
momentum, and,=p;+q is the outgoing quark momen-

‘where we have distinguished the infrared and ultraviolet di-

tum. The QCD one-loop graph gives IWZECFI¢ 11 18)
4 €Eyv €IR
_ dik po,— Kk
V=—Ig2C,:,u,26J y* yH . .
(2m)8 " (k—p,)2 and vanish. The net on-shell matrix element of the electro-
magnetic current in the full theory is the difference of Egs.
p,—K 1 (17),(18) plus the counterterms, which givémcluding the
Xm Yaj2: (16)  tree-graph
2
whereCr=4/3 is the Casimir of the fundamental represen- 20In— +3
tation. a 2 2
We first consider the computation in pure dimensional (palj*lp1y=y*| 1+ —C¢ -5
regularization, which greatly simplifies the computation of 4w €R €IR
matching conditions in effective field theories. In pure di-
mensional regularization, the matching coefficient is ob-
tained by computing the finite parts of on-shell diagrams and w? w2 ?
dropping all the 1¢ terms, regardless of whether they arise —In2&—3 |ﬂ@—8+ ’Y +c.t. (19

from ultraviolet or infrared divergencd®]. The reason this

procedure works is that the ultraviolet divergences in the full

and effective theories are canceled by the counterterms in thehe 1k, terms cancel, so there is no counterterm. This
respective theories. The remaining 1¢rms are infrared di- cancellation is required, since the electromagnetic current is
vergences, which must agree between the full and effectiva conserved current and has no anomalous dimension in
theory. The 1¢ terms cancel in the matching condition, QCD. The graphs in the effective theory are all scaleless, and
which is the difference between the full and effective theoryvanish in dimensional regularization. The matching coeffi-
Thus the matching condition is the difference of the finitecient of the current in the effective theory is the finite part of
parts of the full and effective theory computation. There isEg. (19),
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FIG. 3. One loop correction to

P2 the electromagnetic vertex in the
Sl ataiaiaiaty Breit frame from(a) ultrasoft, (b)
n-collinear and (c) n-collinear
gluons.
ag( ) w? w? 2 The matrix element in the effective theory with an off-
Clp)=1+——Cs —In2?—3 In@—8+ |- (20 sheliness is given in the next section, where the anomalous

dimension of the SCET current is computed. Taking the dif-
The 1k terms in EqQ.(19), which are the negative of the ference of the result, Eq34), and Eq.(24) gives the same
1/e,y terms in the effective theory, give the anomalous di-Matching condition as before, E(0). The computation of

mension of the current in the effective theory, as we will seeEd- (20) is clearly simpler using dimensional regularization
in the next section. to regulate the infrared divergence, since it does not require

The logarithms in the matching coefficieB(x) can be the effective theory computation at this stage, leaving it to
minimized by choosing the matching scale=Q, at which  the next section where it properly belongs.

(21) V. ANOMALOUS DIMENSION OF THE SCET CURRENT

. . ) The electromagnetic current in QCD is matched at the
The matching computation can be repeated by regulating.aie onto the SCET current. In the Breit frame, the cur-
the infrared divergence by using off-shell initial and final

w2 2 N . rent is
states, withp7=p5#0. The graph in Fig. 2 gives
V= 28 Cpyh ! In o 21In Pl In P 21In Pl j*=C(Qé& QWnV#ngWQ (29
= — e | s —|ln—5— — ) non,Q»
4 FY €0y 2 Qz Qz Qz
2 2 —

-2 |np_22_ 2m” , (220  Where then-collinear quark has label momentump=Q,
Q 3 p, =0, and then-collinear quark has label momentump

where the 1¢ term is purely an ultraviolet divergence, since =Q, p.=0. C(Q) is the matching coefficient computed in

the infrared divergences have been regulated by the oﬁJ-EqI' (2ﬂ11). i  rest f h ti
shellness. The evaluation of E€2) is considerably more n he target rest frame, the current 1S
complicated than that of Eq17). The wave-function graph
is : —
J#=C(Q)&nq-Wny" iy, (26)

ds . 1 _p2
lw="—Crip| —+1—-In—%
Ll 2

W:4W

: (23

where, is an ultrasoft quark\, is a collinear Wilson line,

so that the matrix element in the full theory including the and ¢nq- is an n-collinear quark field with labels-p

tree-graph is =9, p=0
2 2 2
T » e The one-loop anomalous dimension of the SCET current
pg pg 1 - p'i‘ 1 _pg in the Breit frame is given by the graphs in Fig. 3, as well as
-2 |n§—2 |n§+ Eln_2+ Eln_z wave-function renormalization graphs.
B K The ultrasoft graph, Fig.(8), gives
272
—1- —||+cit. (24) _ d? 1
3 5= —ig?Cep?® f n® TR
(2m)9  n-(p2—k)+i0
The ultraviolet counterterm vanishes as before, as it must,
since it does not depend on the choice of infrared regulator. 5 1 n 1 27)
The matching condition is given by subtracting from Eg. R(pl—k)+i0+ YK2+i0"

(24) the matrix element in the effective theory. The effective

theory integrals are no longer scaleless, since they depend on

piz, and must be evaluated to obtain the matching conditiodoing thek* integral by contours and using the substitution
if an off-shellness is used to regulate the infrared divergence&k™ =xp; gives
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di2%k,
N2 2¢
IS_ g CF/.L J’O f(zw)d 2

y
X
[1—x+i0"][ps py x—k>+i0"]

9° Jm‘ I(e)[—pspyX]~€
= Cey*u2e| dx
gn? FV ], [1-x+i0"]

2
g —q—
- WCFW“ZEF(G)[DZ py 1 €mcscem

2 1 1 pap; 1 ,psp; w2
S NN [ L S e S
8 € € " 4
(28)
The n-collinear gluon graph Fig.(8) gives
dk An*  An-(p,—k)
| =—j 2C ZEJ'
TR ) 2md 2 2(p—k2ti0r
1 — 1
X k+ior “kZFi07
@k n-(p—k)
=-2ig°C Zef
9°Cru (27T)d (pz k)2+|0+7
1 1
(29)

 krior KEHi0T

Evaluating thek™ integral by contours, and lettind~
=zp, gives

1dz [ di7% (1-2)
|n292CFM257Mf 2_J de — 2\p2—k2
027) (2m) 972 Z{z(1—z)p5—k?]

(1-z)[-p3z(1-2)]"¢

=——2u <y f dzl'(e) .

¢ L T@r(—ere-e .,

8 >Cri T(2-2¢) [—pz]

g° 1 1 1 -p5 1 ,-p
B it L s

2 2

— P2

+In—2—2+E . (30

The n-collinear gluon graph Fig.(8) gives

PHYSICAL REVIEW D68, 114019(2003

o d% 1
= ig?Ceu | e ’
n g FM (27T)d _nk+|0+7

fn-(p;—k) nn, 1
2(p1—k)2+i0+7k2+i0+1

(31)

which is Eq.(30) with p3—p?,

2 2
9 1 1 1 -pi 1 ,-pf
=g chy[ S-= Eln—lu —5n n?—-

—p? 2

+In72— 2+ — 12| (32)

The remaining graphs are the wave-function graphs. The
ultrasoft gluon contribution to wave-function renormaliza-

tion vanishes in the Feynman gauge, sinée=n°=0. The
collinear wave-function renormalization graph is the same as
the massless quark wave-function renormalization in QCD,
Eqg. (23), since the interaction of-collinear quarks with
n-collinear gluons is the same as the interaction of quarks
with gluons in full QCD.

The matrix element of the current in the effective theory
is given by the sum of Eq928),(30),(32) and subtracting
half the wave-function renormalization E@3) for each ex-
ternal quark. The net result is

2 3 2 Q@ Q°

—+—-——=—In——In“—
2 e €N g2 22

. as
<p2|J 'ul p1>bare:ECF

Q? _pz Q?
+2 In In +21In In
p? w? u? ol

—p? —p§ 3 —pf

—2In—In—5 In—
M u?
3 —p5 52
—Eln 47— - (33

The ultraviolet divergence of this result agrees with the ul-
traviolet divergence in the effective theory inferred from Eq.
(19). Exactly on-shell, the effective theory integrals are
scaleless and vanish because theyl/ultraviolet diver-
gences cancel the &4 infrared divergences. The ultraviolet
divergence in the effective theory should therefore be the
negative of the ¥ terms in Eq(19), which agrees with the
divergence in Eq(33). The SCET current operator is multi-
plicatively renormalized, and there is no operator mixing.
This allows one to compute the anomalous dimension of the
SCET current directly from the &f terms in the full theory
matrix element. In cases with operator mixing, thes g/
terms in the full theory matrix element give the value of the
anomalous dimension matrix times the operator coefficients
evaluated at the matching scale.

The infinite part of the matrix element is canceled by the
vertex and wave-function counterterms in the effective
theory so that the renormalized matrix element is
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(ol e~ 21 LI
=—Cg| —In n n
P2[171P1)ren a7 F Fz 7 ;z . .
—————. »>— R N
+2|n—_p§|nQ_2_2|n—_p'f|n—_p§ i G’>
p? o ut pe P 2 s@ P
3, —p? 3, —p§+7 572 a8

FIG. 4. One loop correction to the electromagnetic vertex in the
(34 target rest frame fronga) ultrasoft and(b) n-collinear gluons.

The infrared divergence q§2—>0 in the full theory calcula-
tion, Eq.(24) agrees with the infrared divergence of the ef-
fective theory calculation, Eq34), and the difference gives

The SCET current anomalous dimension depends @i In
because the one-loop diagrams have? *rms from com-

. " S . bined collinear and soft divergences. Consistency of the ef-
the matching condition, Eq20), which is free of infrared fective theory implies that to all orders, the anomalous di-

: 2
divergences, .and depends only Qf, not onp;’. . mension is at most linear in J, as will be shown in Sec.
The ultraviolet counterterm for the ultrasoft graph Fig.
3(a), n-collinear graph Fig. @) and n-collinear graph Fig. The cancellation of ¥Inp; and 1kInp, between the
3(c) and wave-function graph are from Eqgs. soft and collinear graphs might suggest that the coefficients
(28),(30),(32),(23) in the two sectors must be the same, i.e. that the two contri-
(o - butions must have the same valueaf. This suggests that
ultrasoft: ﬁCF Z % P2 pl} SCET should use two-stage rl_mning, in wh_ich all coupling
Am "€ € 2 constants are evaluated at a single sgalainlike NRQCD,

) which requires one-stage running using the velocity renor-
i ag 2 2 2 —ps malization grougd8,10]. In NRQCD, there is a cancellation
n-collinear: ECF T2 e + ;In 72_} of infrared divergences between the soft and ultrasoft sectors
) that naively suggests that both should have the same value of
_ as 2 2 2 -p? as. However, this is not the case, and a proper treatment of
n-collinear: ECF ————+—In —2} NRQCD has the soft coupling constant evaluated at the scale
- K mv and ultrasoft coupling constant evaluated at the scale
mv? [8,10. It has been pointed out that one-stage and two-
, (35) stage running give the same result in SCET for quantities
which have been computed so fdd]. In NRQCD, the dif-

. o . ference between one-and two-stage running first occurs at
respectively. The individual counterterms are sensitive to th%rdervz in the power counting. SCET anomalous dimen-

infrared through their dependence on the small component§, -« have so far been computed only to leading ordar, in

! " .
of momentump, andp, . The total counterterm is the SUm 5y o not distinguish between one-stage and two-stage run-
of the four terms above,

a 1
—SC,: -

wave function:
A 7| €

ning.
e % 2 3 2 np;pmz
=g CFl T2 oI5|,
AT | € € € pip5 B. Target rest frame
) In the target rest frame, the electromagnetic current in the
_ %o | 2 3 EI M effective theory contains an-collinear quark and an ultra-
T4n Fl € € € n P, P; | soft quark. The diagrams in the effective theory in the target
rest frame are those in Fig. 4 and wave-function graphs.
ag 3 w? Note that there is no-collinear graph, since the current
ECF T2 e ;|n§ ’ (36) Eq. (25) does not contaiW, in the target rest frame.

Then-collinear graph Fig. &) is the same as in the Breit
and depends only on the label momepta and p; which ~ frame, and is given by Eq(30). The result is frame-
are bothQ. The counterterms Eq36) give the anomalous independent, since the final expression only depends3on
dimension for the coefficient of the current in the effective not on the individual componenps or the momentunp; of
theory, the incoming quark. The nonzero wave-function renormal-

ization graphs also agree between the two theories. The

dC(u) n-collinear wave-function renormalization is the same as the
K du = 71(m)Clp), corresponding graph in the Breit frame, and the ultrasoft
wave-function renormalization of the ultrasoft quark is the

ag(w) u? same as the-collinear wave-function renormalization of the
4 Q n quark, since both are equal to wave-function renormaliza-
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tion of a massless quark in QCD. Each wave-function graprl/e2 divergence. Since it is the sum of the ultrasoft and

depends only op? for a single particle.
The remaining graph is the ultrasoft graph Figg)4The

n-collinear graphs in the Breit frame, these graphs must have
1/€?> terms of opposite sign, which agrees with the explicit

ultrasoft graph in the target rest fr_ame must contain the conene-loop computation in Eq$28),(32). This cancellation is
tributions of both the ultrasoft and-collinear graphs in the €xpected to persist at higher orders.

Breit frame. The ultrasoft graph in the target rest frame is

d% 1

|=—ij ZC 26j ne yn
] e nepk+iot

p—K 1
(Pr—k)?+i0" K +i0"

X

ddk

= _iQZCFﬂZEJ' q
(27)

YH(p1—K)h 1
[Nn-(p,—k)+i0"](py—k)2+i0o+ K*+i0""
(38

Doing thek™ integral, and using™ =zp; gives

1dz [ d¥ %
2 2¢. p L
| 9 Cruy 02m) (2m)2
p:(1-2)

X— 2_ 2
(p2 —pP1 2)[2(1—2)p1—KT]

z 2
[—p1z(1-2)]"°

2 +
g 1 pi(1-2)
= ——Ceu’y*T j dz————
2 = yH T () o (p;_pirz)

8
(39
The ratiop, /p; is
Py p;  Xp; P
Py pip; Q@ Q2 oW (40

In SCET, terms of order x are of order the expansion

parameter\ in the power counting. Equatio(89) can be
evaluated in the limip, /p; —0, which simplifies the com-
putation, and gives

2 l _Rn2 _ Nt
I:%Cp?"“;—ln% 1+In ?2
@ 1 —p2+
T o2
2= 5 -5n sl (41)

This result is identical to the sum of the ultrasoft and

The 1k term in Eq.(41) depends on the infrared regulator
throughpg, using Eq.(40). This infrared dependence is can-
celed by then-collinear graph, which can only depend pi'l
The analog of Eq(35) is

. Qs 2 2 _p;
ultrasoft: ECF_ -z ;In oF |
2 2 2 —p?
- cSe 52 _r2
n-collinear: 477_CF_ 5 6+ Eln 2 }
. as (1
wave function: —C¢| —|, (42
4 €
so that the total counterterm is
(o 9 2 3 2 pu’
CL=anFfl @ snpfpg’
ag 2 3 2 u?
B i BT

which is the same as E¢36), and leads to the same anoma-
lous dimension, Eq37).

The on-shell matrix element in the target rest frame has
the same value as in the Breit frame, and leads to the same
matching condition Eq(20).

VI. MATCHING AT Q?(1—x) ONTO THE PARTON
DISTRIBUTION FUNCTION

At the scaleQ?(1—x), the invariant mass of the final
hadronic statepi can be treated as large, and the final state
can be integrated out. This is done by integrating out the
n-collinear modes from the effective theory. Since the cur-
rent Egs.(25),(26) containsé¢, fields which are integrated
out, one matches the product of two currents, rather than a
single current, onto the effective theory beld@#(1—x).

The matching coefficients are determined by computing the
matrix elements of

1 .
wy _— 4y, AIG- X5 p i
W wa d*xe9*j#(x)j"(0), (44
at fixedx and 2. Note that we have a product of currents,
rather than a time-ordered product. The matrix element of the
product of currents is given by the discontinuity in the matrix
element of the time-ordered prodidcve will use this pro-

”'Comnei‘r graphs in the Breit frame, given in EGS. hytp2 andp;/p; are equal, since the Breit frame is obtained from
(28),(32).” The ultrasoft graph in the target rest frame has ngne target frame by a boost along thexis.

2The discontinuity of a diagram containing* terms is defined
by taking the difference of the diagram, and the diagram with

The components of; have different values in the two frames, —i0~.
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FIG. 5. Tree graph for the product of two currents in the target

rest frame.

cedure, since time-ordered products can be computed using

conventional Feynman diagram perturbation theory.

A. Target rest frame

The tree graph for the product of two currents with

integrated out is shown in Fig. 5. The spin averaged matrix

element of the tree level graph is

bicet Ty i0 n-(p+a)
SCo2 2 "Y' 5 i giTio”
_ pT(p +d’)
= — Tmv
Pser " prarior
~TH8(1+qt/p™h), (45
where
p“n’+p’n#
Y — _
T 9urt np (406)
Sincep is at rest,p#«<p#=(1,0,0,0)
THY=—g,,tv*n"+v"n#, (47
independent of the momentum of the target.
Define the quark distribution operator b§]
+ 1 —igrt
Oq(r")=7—| dée ™" u(n§HnY(n£,0¢,(0),
(48)

whereY is an eikonal Wilson line from 0 tm¢ containing
ultrasoft gluonsA,,,

(49

Y(n¢0) =P ex;{ —ig fjn«Au(nz)dz

and ¢, are ultrasoft quark fields. The Feynman rules ar

distribution in a targeT with momentumP is defined by[6]

for(X)=(T,P|Og(xP")|T,P). (50

e
given by taking the discontinuity of the diagram, since the
operator is a product, not a time-ordered product. The quar

PHYSICAL REVIEW D68, 114019 (2003

FIG. 6. Quark matrix element of the quark distribution operator.

Di ! | 1T ]
S p_r) 2 " P
b 1 2ip*
S p o +i0"
=8(1—-r*/p"), (51
so the tree level relation is
W/”:T’”Oq(—q*). (52

This is an operator relation independent of the matrix ele-
ment sinceT*"” in Eq. (47) can be written in a form indepen-
dent of the target state. The minus sign in the argume@,of
arises becausg is an incoming momentum andis an out-
going momentum. Equatiof62) can also be written as a
convolution

_q+

drt "
W/“’:T/“’f r—+5 1—r—+ Oq(r ) (53)

It is convenient to writeg™ = —yp*, andr"=wp™ so that
Eq. (53) becomes

Vy—v) Oy(wp").

(54)

dw
W (g™ = —yp*)=T’”f WrS(l—

Note thaty andw in this equation are defined with respect to
the parton momentumrather than the hadron momentiin

The analysis has been restricted to spin-independent
structure functions for simplicity. It is straightforward to gen-
eralize this to spin-dependent structure functions, which in-
volve spin-dependent quark distribution opera{drg|.

The one-loop graphs for the matrix element of the current
&roduct are shown in Fig. 7. Graphs of Fig$a)#~(d) have
the same value in the theories above and be@R¢l—Xx),
since the interaction of an ultrasoft gluon with a collinear
quark is the same as the vertex generated by the Wilson line
Y in the operatolO,, and the external ultrasoft quark fields

The only difference between the quark distribution operatoare unchanged at the matching scale. The matching correc-
Eq. (48) and the conventional Collins-Soper definition is thetion is given by Figs. #®)—(g); these graphs are absent below
replacement of the full theory quark field by the ultrasoft Q?(1—x) since then-collinear modes have been integrated

quark field in SCET.

out.

The spin-averaged tree-level matrix element of the quark The collinear graph Fig. (&) gives for the spin-averaged

distribution operatofsee Fig. & is

matrix element
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q n q q n q
s P ) —)——@——)—— ——————————
0‘6@} 0\0“66666 G0000000006000T

(a) (b)
q q n q
_.\__,__ ey
P 00666. p W p
)

(@)

C)

FIG. 7. One loop correction to the electromagnetic current product in the target rest frame. @ afiisand(e) also have mirror image
graphs where the gluon attaches to the other side.

wherey=0 sinceq’ <0, andq™ =—Q?/q">0. The kine-
DISC—f — Epy" matic region whereg~ <0 is infinitely far away in the effec-
(27) tive theory, and is described by the effective theory with a
different value of the label momentum. The graph with gluon
attached to the other vertex gives the same contribution, Eq.

Vm (p+q) An* An-(p+q—k) B 1 -1
-n.

“2pra? 2 2prq-k? | —nk K (56)
2 &K N The collinear graph Fig.(?) is given by the tree diagram,
=Discg—Tf”p+f qu) times the negative of the wave-function diagram E2p)
2 (2m)¢ (p+a) evaluated withp?— (p+q)?, and gives
n(p+g-k) 1 1 - | pise [~ 8" g P (P Fa)
(pra-K? —n.k k" 59 ©2 7 2m| 8a?) (ptaq)?+i0”
. . . 1 1 1 —(p+q)?
Comparing with Eq(29) gives [ —
paring q29 g 2 2 5 —,U«z_
i n-(p+q)
leq= DISC—( 2)p+T“” > _ 9 v
2\ 87 (p+q) DISC 8.2 5| T —(1—y)+i0+
_ 2
o] P A xi+£ 1 Qy-1-io’] " en
€« # 2¢ 2 2" y&2 ).
1 ,—(p+q)? —(p+q)? 2
—ZIn2 (p zq) +In (P Zq) -2+ il The graph Fig. @) vanishes, since the collmear gluon
2 7 " 12
) ) emission vertex is proportional 10, andn?=
~Disc|— 9 Tuv The total collinear contribution is the sum of twice Egs.
2\ 872 (1—y)+io* (55) and Eq.(57),
1 1 1 Q*y-1)-io* i [—g? 1 [ 2 3
X|l—-5—-——+-In——5—— =Disc=— 4 -
€ € eln yu® le DISCZW 87° (1—y)+i0+[ € 2e
1 ,Q%y-1)—i0" 2 Q*y-1)-io* Q*(y—1)—i0*
- zlnF——— +—In > —In? >
2 yu € yu ym
Q%(y—1)—i0" wz} 3 Q¥y-1)-i0* 7 772}
+In—2— 2+ 0 56 —| n—————+—|. 58
Vi (y), (56) Vi 5+ 5 (59)
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The collinear counterterms cancel the 1#érms, so that the
remaining matching contribution is finite. The collinear
counterterm contribution (lp?)/e=[In Q(y—1))/e is no
longer infrared sensitive, since the sc&é(1—y) is now
considered a large scale.

The discontinuity of the remaining terms can be written in
terms of + distributions. The distribution 1/(1y), is de-
fined by

(y)—f(1)

J‘l 1 1 f
dyf —EJ dy———, 59
0 y (y)(l_Y)+ 0 y (1-y)y ®9
so that
Jow
dy ——=0. 60
Y-y, (60
The discontinuity of
i Inly—1-in)
Emﬁy) (61)

is given by the difference of the expression fpr-0* and
n—0",

i In(y—1—i7)

Disc— 1oy +in

1
o ry9(0$y<l).

0(y)= (62)

The singular terms ag=1 can be obtained by integrating
Eq. (59) over O<y<A, whereA>1. Then

i (A

In(Gy—1—in)
2m)o 0 1-y+in

i
— TIN2A —( —
1-y+in 477'[|rl A=(

im)?],
(63

irrespective of the sign of,. This has no discontinuous part,
so the integral of the discontinuity is zero. This gives

i In(y=1-in) B
Dises e Toyrin (T,
Similarly,
i (A InX(y—1—in)
27 )0 1-y+ip
=— i—[In3A—(— i)3sgny] (65)
6 '
so that
i (A InX(y—1-ip) 7P
D|scﬁf0 dym— 3 (66)
and

PHYSICAL REVIEW D68, 114019 (2003

i Ind(y—1-ing)
Dise s T1ywiy Y
i 2In(1-y)
:‘?5<1‘y>+[ﬁ+ (©7

Using the above results gives for E§8),

Disc=T*" M(y),

ag
M(y)= > A(0=sy=<1)

In(1-y) Qz_g} 1
X[z @ " 2'%2 2 T-
QZ Q2 772

+1In? ——In
u? W2 27

2}5(1—y>], (68)

which defines the matching functiomM(y). Formally, 1
—y~N\ is the expansion parameter soykin[1+(1-y)]
—0, which was used to simplify Eq.68). The matching
condition at one-loop is therefore

W’”zT’”f 5(

+M O4(r*).

dr

r

—q
rt

—q

r_) (69

F

The moments of this expression dsee the Appendijx

(3 . Gt ,Q?
MN(M)=2a—7T“2 2In;2>12 —+22 —+In 2

3 Q% 7 =?

—Emﬁ"—z—?}, (70)

which asN—» is

ag 3 Q2
Mn(M)— 5 —Ce 2In 5| (INN+ yg) + (INN+ yg)?
77_2 QZ QZ 7 2
+E+In M——§|HF+§—7. (72

We have dropped terms of order-Y times the terms re-
tained in Eq.(68). All such terms have moments which van-
ish asN—x, so Eq.(71) is valid up to corrections which
vanish adN— . Letting

N=Ne, (72)

one finds
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B. Breit frame
q n q . . e .
iﬁ@ ----- ——— @‘;Pr The computation of the matching condition in the Breit

L B frame is similar to that in the target rest frame. The tree-level
ot AN graph is given in Fig. 8.
It gives the matching relation Eq53) where the quark
FIG. 8. Tree graph for the product of currents in the Breit frame.distribution operator in the effective theory is now

(1) 2 3 @
MN(M)_) az(: CF[InZ%_ Eln% 1 o i+ —
Z p oq<r+>=ﬂj dze 7 [EWa](n2)
7 -
373 (73 XAY (2O [WI£:1(0) (75

The logarithms are minimized iﬁLzQz/ﬁ, SO one can

. . which has the same form as E@8), except the external
match from currents onto the bilocal operator at this scal

Ffields aren-collinear quarks instead of ultrasoft quarks. The

Hsing collinear Wilson lines are required by collinear gauge invari-
ance.
as(Q/\/ﬁ) 7 @ The one-loop graphs in the Breit frame are given in Fig.
MnM) = —————C¢|5~ 3| (74 9. All the graphs except Figs(®—(g) are also present in the

effective theory, so only these graphs need to be computed

for the matching condition. The graphs are identical to the
The matching condition has no large logarithms, and so doegorresponding graphs in the target rest frame, so the match-
not depend o\ in the N— limit, except through the ar- ing condition is the same, Eq&8),(69), with the replace-
gument ofasg. ment of Eq.(48) by Eq. (75).

19 no ®Tir %_ B n__ “®Pr:r % _____ no ®Trrqr

" e N RS RN N TN
/’(0‘66§ \\\ d O\OROQG-GG \\\\. //1// \‘\\.

FIG. 9. One loop correction to the electromagnetic current product in the Breit frame. Geptt®, (e) and (h—j) also have mirror
image graphs where the gluon attaches to the other side.
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;‘L S; i i 00 6: j
ady UWGG 66
(c)

n
(a) (b)
FIG. 10. One loop correction to the quark distribution function. The double line is the ultrasoft Wilso¥. line

VIl. RENORMALIZATION OF PARTON DISTRIBUTIONS g’Ck 1 (1
o , Discllz—z—f dz(1-2)

Parton operator renormalization gives the standard DG- 8me 1-wJo
LAP evolution for parton distribution functions. The compu- -
tation of the anomalous dimension in the target rest frame is X6(1—z=w+i0")
identical to the computation using QCD quarks in Héf. 5
This calculation is sketched here, so that results can be com- _9 Ce w p(0=w=1) (79)
pared with the computation in the Breit frame. We will only 8m’e 1-w '

discuss renormalization of quark operators, which gives the )

evolution of the flavor nonsinglet quark distribution. Singlet The singular terms a&—1 can be evaluated by a method
evolution mixes quark and gluon operators. This complicasimilar to that used for Eq$64,67 to give

tion does not shed additional light on SCET, and will be 5

omitted here. ; _9 Cr W
Discl, 87T26(1—W +0(0$W$1). (80

A. Target rest frame Figure 1@b) is the discontinuity of

The renormalization of thé€nonsinglel quark operator

can be determined by evaluating its matrix element in a free 9°Ce d% 1

quark state of momenturp. The spin-averaged tree-level o= f WETWW“

matrix element oiOq(wp*) is given by Fig. 6, and is .
(plOg(Wp*)|p)y=8(1-w). (76 Pk i

(p—k)2+i0" n-(p—k—r)+i0*
The one loop graphs are those of Fig. 10, as well as wave-

function graphs. X Pk v, 1_ . (81)
To compute the anomalous dimensions, we only need the (p—k)2+io* "“k+i0
divergent parts of the diagrams. FigurgdQs the disconti-
nuity of The same manipulations as the previous case give
2 o =i g°Cr f ' 2 82
:g CFJ _dk lTr[b 2_I167T36 0 Zl—z—W+i0+’ (82)
U A (277)d 2
so that
X ! ® ! h
—n - 2
(p—=r)+i0™* (p—k=r)+io* C 1
n-(p=r)+i0" " n-(p=k=r)+i0 Discly=i ——F- Ff dzz( — 2i)
b—K 1 167°€¢ /o
" (p—K7+i0" HIEHIOT 70 X 8(1-z=w+i0")
9°Ce
Evaluating thek ™ integral by contours, doing thie, inte- = 8—2—(1—W) O(0=sws1).
. A P L €
gral, and using the substituting"=zp" gives for the infi- (83)
nite part
Figure 1@c) vanishes, sinc@’=0. Subtracting half the
- g%Cq (1 (1-2) wave-function graph for each external quark line gives
=] 16773ef0 (1=—w+i0")(1—z—w+i0%)" 1 0°C,
(78 _EIW:_ 16.-%¢ S(1—w). (84)
The integral has a discontinuity for<Ow=<1. As long asw The infinite part of the matrix element is the sum of twice
=1, the discontinuity is Eq. (80), Eqg.(83), and Eq.(84),
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9°Ce w 1 where
m9(0$W$1) Z(H ++1—W—§5(1—W)
__a e
9°Ce[ 1+w? 3 51 0 . YoN= - NLPg—q(2)]
= + = — sws<
8n2e| (1—w), 2oL~ W) |o(0=w=1)
N
ag(u) 1 2
a = 4%, —— +11, (93
=5 —Paq(W), (85) 27 750 N(N+1)
in terms of the standard Altarelli-Parisi splitting kernel is the anomalous dimension. For large valueNpf
1w’ s as(p) —
Pqu(W):CF W‘F 55(1—W) 0(0$W$1) 72,N_’7CF[4 In N_3] (94)

(86)

Equation(85) gives the operator renormalization equation ~ The infinite momentiwﬁ[oq(k*)] are local twist-two
dw quark operatorsyh(in-D)N"1y,/2V, so the target matrix
Ogo)(yp+)=f—2 X) Oq(wp+), (87) elements ofM",j[Oq(k*)] give the familiar moment sum
wow rules for deep inelastic scattering. The momevi{$ are de-
fined by integratind™* over[ —«,=], whereas the moments

ith oS . .
w of quark distribution functions are over k<1, i.e.
2 0<k"<P™. The matrix element Eq50) vanishes for x|
2(2)=0(1-2)+ g7 _Pqo(2). (88)  >1, and its value for negative values xfis related to the

antiquark distribution,

If one writesyp™=k* andwp*=¢€", then
far(—=X)=—Tfgr(x). (95

= det_[k*
0 _
of )(k+)—f (—

€+
L €+)oq< ), (89)

Thus the matrix elements dfy for evenn, which are the
target matrix element of local twist-two operators, are equal
which makes no reference to the quark momenpunsed to  to the even moments of the structure function, which sums
compute the renormalization factor. The renormalization isover quarks and antiquarks. The matrix element#gf for
invariant under boosts in the direction, under which+ odd n vanish, and do not imply any sum rule for the odd
components of momentum all get rescaled by a commomoments of the structure function. The anomalous dimen-
factor,p™ —\p*. Equation(89) is valid fork”>0. One can  sions of the local twist two operators agree with the moments
derive a similar expression fd" <0. The two expressions of the Altarelli-Parisi kernel, Eq(93).
can be combined into In dimensional regularization, the finite parts of the one-
loop quark distribution operator matrix element vanish on-
= d(€T/kT) _[ kT N shell, sincep, =0, p~ =0, and the loop integrals are scale-
€_+ Oq(€™) less. The matrix element is therefore given by its tree-level
value §(1—x). The matrix elements of the twist-two local
= det + operators also vanish on-shell, for the same reason. This also
= f z( _> Oq(t’*), (90) shows that the quark distribution operator is equivalent to its
—e [€F] N €7 moments(this is not true for thd decay shape functidi]).
o ) i i N The matrix element for off-shell quarks contains logarithms
wh|c_h is va_hd_for either sign ok™. _ of p?/u?, so the structure function should be evolved down
Differentiating Eq.(90) with respect tqu gives the renor- 14 some hadronic scale before taking the target matrix ele-
malization group equation for the quark distribution operator,ant so that there are no large logarithms in the matrix ele-

ment. An important difference from tH&— Xy shape func-

)1+ —
(o)} (k*)—f_x P

- + et

Mioq(k+): @s (e /k™) tion [3,7] is that there is no additional matching that has to be
du T T[T performed at the scal®?\?, i.e. Q%/N2.

N The moment analysis for deep inelastic scattering has

« P = oyt 91) been discussed in detail, even though it may be familiar to

4a| p+ | 7 ' many readers. The reason is that there are important differ-

ences between the structure functions in deep inelastic scat-
Taking momentgsee the Appendix for the definitiongives  tering and the shape function in the decay of heavy mesons,
having to do with the range of thk™ integration in the
moment of the quark distribution operator. The resultsBor

d
(*,%) V= — (*,%) +
My L04(kT)]= = 72nMy[Oq(k )], (92) decays will be presented elsewhére.

Fau
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B. Breit frame 1

2 mvnt
Structure function evolution in the Breit frame is given by 49°CeTp

the graphs in Figs. (@-0d,(h—j). Many graphs vanish using
n?=n?=0. The only nonzero graphs are Figéb®—). xf d'k 1

The ultrasoft graph, Fig.(®), appears to have the form of (2m)d n-(p—k— r)+io”*
the ultrasoft vertex correction Eq27) with an additional
propagator for the intermediatg, propagator. There is one « n-(p—k) 1
very important difference, however. At scales bel@f(1 (p—k)?+i0" k2+i0*"’
—x), the momentunp, of the intermediate quark is of or-
der Q\, whereas the momentum of the ultrasoft gluon is ofwhich is the same ds in Eq. (77), and so gives Eq80) for
order Q\?. Thus the power counting rules of the effective the running of the structure function.
theory imply that the,, propagator denominator in E(R7), There is no analog of graph Fig. @), so its contribution
1 n-(p,—k)] must be expanded in a power seriekjrthe  Eq. (83) is missing. It is proportional to w~X\, and so is
momentum space analog of the multipole expandidhe of the same order as higher order terms in the power count-

n-(p—r)+i0*

(99

resulting integral vanishes, so Figh®is zero. ing which we have dropped.
The collinear graph Fig.(® gives The wave-function contribution from the collinear graph
is the same as the full theory wave-function contribution, and
g’Ce1_ 1 e, h gives Eq.(84). The structure function evolution kernel in the
4m 2 T5P Y n-(p—r)+i0"* Breit frame is
d9k 1 Pgq(W)—Cg(1—w). (100
J s
(2m)9d n-(=k)

The moments of (+w) vanish as M? for largeN. One can
Y — use P,._4(w) for the evolution kernel in the Breit frame,
n-(p—k) #nn, 1 R N A L S
— =, (96)  since the difference from Eq4100) is higher order in.
2(p—k)2+i0* 2 k°+i0 The entire running of the structure function in the Breit
frame is from collinear graphs. The ultrasoft graphs vanish.
This same result has also been obtained in studying the
renormalization of event shape variables using SCE.
In SCET, one usually makes an additional field redefini-

gZCF 1 1 - '/] tion

a7 2 13P MY

and Fig. 9j) gives

n-(p=r—k)+io* £:00 = Ya(x,— ) £9(x) (101)

dik 1 o
Xf (Zw)dnaﬂ i where Y, is an ultrasoft Wilson line. The new-collinear

_ _ fields g%’) no longer interact with ultrasoft gluons. In terms
An-(p—k) #An, 1 (97  Of these fields, Eq(75) becomes
2(p—k)2+i0* 2 K*+i0"’

1 * oLt 0
B Oq(k*)=—47TJl dze P [EPWLI(n2) Yq(nz, — )’
where the relative minus sign m- k is because the vertex is

+
from W' rather tharW. The sum of the two graphs has ><Yn(z,o)my;(o,—oc)[\/v%gg’)](o), (102
1 1 After the field redefinition, the collinear graphs are the same

as before. The ultrasoft graphs have propagators which are
independent of the collinear quark momentinsince the
n-k collinear quark momenturp does not enter into the Wilson
== [n-(p—r)+i0"][n-(p—r—K)+i07]’ (98 line. This automatically enforces the multipole expansion.
The ultrasoft graphs vanish, since they are scaleless and the
entire running of the structure function is from the collinear
and gives the integral graphs. This is precisely what we found above.

n-(p—r)+io* n-(p—r—k)+io*

3This is analogous to the multipole expansion for the ultrasoft “Consistent power counting in the Breit frame automatically im-
fields in NRQCD(8,13. The multipole expansion is automatic if plies that I-x~X\<1, so the Breit frame anomalous dimension Eq.
one makes an additional field redefinition; see the discussion aftd00) is not valid away fronx— 1. The target rest frame, however,
Eq. (102). can also be used fot far from 1.
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VIII. DEEP INELASTIC SCATTERING AT ONE LOOP IX. SCET ANOMALOUS DIMENSIONS

The deep inelastic scattering structure function to one- There is a nontrivial relation between the anomalous di-
loop has been computed in R¢fL5]. The moments of the mensions and the matching conditions in the effective theory.
nonsinglet structure functioR,/(2x) are The anomalous dimension for scaling the current between

Q2 andQ?/N has the form

a 2
—BYS+ yaIn=|An(w), (103

Mn=|1+ 2752 Q

1+

Q

whereAy(x) are the matrix elements of the twist-two op- The anomalous dimension can depend@since that is a
erators renormalized at. The anomalous dimensiop\ iS  |apel on the SCET fields. It does not dependNansince at

1(p) =A( asm),lnﬁ) . (107

equal toy, in Eq. (93), and this stage, a single current is being renormalized, which has
N \ \ no information about *+x. The anomalous dimension for
1 1 2 1 scaling the structure function betwe@%/N and 1.2 has the
BYS=Cg[3D = -4, 5— - ®
ZN F{ 121 j 121 i N(N+1) 121 i form
N1 1 3 2()=B(ag(p),INN), (108
+4D =D S —+ +—>—9/|, (104 _

ss1si=1) NON+1 N where the second argument has been chosen toNedner

_ thanN for later convenience. The anomalous dimension can
in the MS scheme. FON— o, no longer depend o®, since it has been integrated out of the
effective theory. It can depend d, since the parton distri-
(105 bution operators know about-Ix. At the matching scale
between the two regimes, one has the matching coefficient
for the structure function

2

2 IPN+3INN-——9

Bgﬁl—}CF 3

Moments of the longitudinal structure functién vanish
as 1IN asN—x. C
These results can be compared with the calculations in
this paper. The tensor structure in Eg.7) shows thatF,

2
as(m,m'\i?iz) . (109

The matching coefficient can only depend on the relevant

=0. The result foiF, =F,/(2x) is the product of the square 545 scale at that point, which is the invariant mass of the
of the matching coefficient &), Eq. (21), twice the running hadronic jet QZIW

from Q° to Q*/N using Eq.(37), the matching coefficient at  The final answer for the structure function is given by
Q2?/N, Eq.(73), and the running fronQ?/n to x using Eq.  taking the square of the matching coefficientatrunning it
(93): using twice Eq(107) to u?~Q?/ N, multiplying by C (note
that the matching factor is multiplicatiyescaling by Eq.
My ~ (108 to a low scale, and then taking the target matrix ele-
An(i) C#(Q)e?MQNNIRI1 4+ My(M)] ment. The result must be independent of the choice of match-
ing scalew. This gives

x 72 N/QNNIt 0 o2) .

chan®

Nu?
ag(p),INn—7|=ya(u) =2y1(p). (110
ag 2 Q
=1+ CFE[ —8+ ?

Let D, ,C be the derivatives of with respect to the first and
second argument. Equatig¢hl0 gives

2IN 2IN
SR PRI KL PR [B(agDy+2D,]NC=y,~2y,, (111
2w Q2 Q2
where
—_— —_—— — — n —_
2w Fl2 3] 2™ N T g s = Bla). (112

Letting [ B(ag)D41+2D,]In C=F, one gets

14+ Cr 19— 72/3—2 PN+ 6 INN
- F47T[ m™ ] 2

F<as,|nﬁ+|n”—2)=B(as,|nﬁ)—2A(as,|nﬁ). (113

mo 1 — Q Q

+ynIn =+ = ynInN. (100 ) . . :
Q 2 Equation(113) implies thatA, B andF are at most linear in

their second arguments to all ordersdy. This has been
Using Eq. (94) for the anomalous dimension, EG106)  shown previously16] by analyzing the momentum integrals
agrees with Eqs(103),(105). of the Feynman graphs. Letting
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2
Ai(ag)ln 62+Ao(as)a

Y2=B1(ay)ln N+ Bo(as),

uPN
F=Fi(ag)in—z+Fy(as),

Q

oo 2N

N
nC=3 Ci(agin =,
r=0 Q

gives
2A1(ag)=—By(ag)=—Fi(ay),
Fo(as)=Bo(as) —2Aq(as),
B(as)Cy(as) +4Cy(as)=F1,
B(as)Colas) +2Cy(as)=Fo
and

B(as)cr,(a's)"—z(r"' G 1(ag)=0

(114

(119

(116

PHYSICAL REVIEW D68, 114019 (2003

X. EXPONENTIATION

The final result for the moments of the structure function
computed using SCET is

Fn(Q%)=C?(Q)e™'1[1+My(M)]e™"2A\( o),
(119

with

Q du
|1:J ~_271(,U~),
Q/VN M

~d
= J N 7“72(;0 (119

Ko

where ¢ is some reference scale of order a few GeV, and
C(Q) M, y, and y, are given in Eqs(21),(74),(37),(94),
and Ay is the target matrix element of the local twist-two
operator. All the large logarithms are contained in the expo-
nentl=1,+1,. Comparing with Eq(2), we see thaf is
obtained by integrating the anomalous dimension using the
one-loop values foA; andB;, f; is obtained by integrating
the two-loop values foA;, B, and the one-loop values for
Ao, By, etc.

In deriving Eq.(118), we have assumed th@?>Q?/N

if r>1, where the prime denotes a derivative with respect to> Mg For fixedQ? andN= Qzl,uﬁ, this inequality no longer

As.

holds. The effective theory result for such large moments can

The conditions orC; are the usual relations that the loga- be computed as follows. Match the currentand evolve
rithms in the matchmg condition are the difference of theusingy; from Q to u,. At the scaleu,, one computes the
anomalous dimensions of the theories on either side. Herenatrix element of the time-ordered product of two currents

however, we have the additional constrairt;2 — B; relat-

ing the two anomalous dimensions. Equati¢d®),(73),(94)

give for the one-loop values

S

3a
Ao(as)z—ﬁcpy

Qg
Al(as):_;CFa
3ag
Bo(as)=—5—Ce,
2ag
Bi(ag) = 7CF,
as
Coag)= ECFa
3ag
Cilag)= ECF:

andA,=B,=0, r>1 andC,=0, r>2, which satisfy Eq.

(115), sinceB(as) starts at order?.

(117

in the target hadron. This is a nonperturbative computation
since ,uO~AQCD is a hadronic scale. For moments with

QZ/,uO, the scatterlng process is in the resonance region
since p3~ w5~ A% ocp» and is described by exclusive form-
factors rather than the deep inelastic structure function. In
equations, the result is

Fn(QD)=C2(Q)e 1AL o), (120
where
Qd
1= fﬂ — 2, (121)

andA{ () is theNth moment of the matrix element of the
time-ordered product of two SCET currents at the sgaje
The computation of moments is not uniformly convergent
over the parameter range. One can formally take the limit
Q?— first, and then study arbitrarily large moments, since

Q%N is now always much greater tha/cﬁ. However, if one
takesQ? large but finite, then for large enoudhy Q%/N can
become smaller thap3. The relevant limit for fixed target

experiments is to keep the beam energy fixed, in which case
the maximum value 0Q? is 2M+{Ex, and depends or.
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A. Landau pole® where the last entry on each line is the one-loop value. Equa-

The anomalous dimension integrals in Egl8 contain  ton (122) can also be written as

ag(u) where u varies betweer® and uq. As discussed in L oN1_q ) k2
the preceding paragraph, this is true evenNoer where IC:f dz—— jQ I'y(ad (1-2)k?])—
formula Eq.(118 must be modified. The SCET computation 0 1-z 1El(1-2) k?

therefore does not suffer from any Landau pole singularities
[17]. For large enough moments, or equivalently, for &
~AéCD/Q2, the scattering cross-section depends on reso-
nance physics; this is a true nonperturbative contribution, not
a breakdown of the perturbation series. The equality between Eq122) and Eq.(127) is derived in

The relation 2A;=—B; allows us to write the renormal- Sec. 5 of Ref[2]. The usual expressions for the resummed
ization group integration as a double integ2). It is easier ~ structure function derived using factorization methods have
to derive the result starting from the answer. Consider théhe form Eg. (122 with wo— oy or Eg. (127 with

+To(ad (1-2)Q%])|. (127

integral

wdl(1—2)— w3 [2], and both suffer from Landau pole sin-
gularities[16], as does the ratio of the moments of the Drell-

| = Jl dy JWQZF (o ))d_:“ Yan cross-section to the square of the moments of the deep
Ny | 1 4 “w inelastic cross-sectiony, which is independent of the had-
ron structure function2],
+F2(C¥s( \/yQ)):| . (122) 1 1 ZN—l_ 1 Q2 dk2
~Zin Asz e f Iy (ad(1-2)K¥])—
. . . 2 0 —z | Ju-y k?
Changing the order of the integrals gives
Q du Q? +T (e (1-2)Q%])|. (128
Ic:f r—[Zfl(as(M))ln—sz 20 5(ars( 1)) °
Q/IVN M M

W d _
+ f N f[zrl(asw»m NI, (123

o

which has the same form as the integration of anomalou

dimensions froerHQ/\/ﬁand fromQ/ \/ﬁ—»,uo. Let

However, the corresponding SCET computation does not
have any Landau pole singularities. The Landau pole singu-
larity arises on converting the SCET anomalous dimension
integration to the form Eq(122. The conversion is only
Valid for Q%/N> 2 in deep inelastic scattering, ai@f/N?

> u3 in the Drell-Yan cross sectichThe factorization form,
Eqgs.(127),(128) introduces a spurious Landau pole singular-

Qdu ; P : :
Lt =1+ | =T . 12 ity, because it is equivalent to using E418) for large mo-
thee LO M slas(u)) (129 ments, where it is no longer valid, rather than replacing it by
the correct expression, EQL20), discussed earlier.
Comparing with Eqs(114),(117),(119 gives The SCET form forAy does not have a Landau pole
singularity, but instead contains a nonperturbative resonance
2 contribution. The resonance contributions emgrfor large
271=2T1IHF+2F2+F3, moments even thoughy does not depend on the structure
function, because non-perturbative effects enter the Drell-
y,=2TINN+T, (125  Yan cross section &~ Q/ u before they enter deep inelas-
tic scattering aN~Q?% 2, so they appear ity beginning
so that at N~Q/ .
1 The SCET form for the shape function Bidecays also
o : .
r,= —A1=§Bl=fCF, does not have a Landau pole singularity.
B. Cusp anomalous dimension
[,=Ap— EBOZ — %CF, I'; is known as the cusp anomalous dimension, because it
2 4m can be computed from the anomalous dimension of a Wilson
line with a cusg16] (see Fig. 11
[=B.— 3as 126 The anomalous dimension of the Wilson line in Fig. 11
3T on R (126 has the form

5 would like to thank 1. Z. Rothstein for discussions on this sec- °The extraN for the Drell-Yan cross section arises because of the

tion.

difference in kinematics.
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n, XI. CONCLUSIONS

n; The deep inelastic structure function was computed in the
x—1 end-point region using SCET. The effective theory
properly separates the scal¥, Q*(1—x) and Adcp, and
allows the problem to be analyzed one scale at a time. The
structure function is equivalent to local twist-two operators
below the scaleQ?(1—x). The scaleQ?(1—x)? does not
play a special role in the analysis of structure functions. This

FIG. 11. Wilson line along the@,; andn, directions.

2
(are,7) 2_(2n1-ny) (129  Is very different from the case &— X,y decay, where the
Ywibs: 7 nzlnz2 ' shape function has an anomalous dimension betv@dn

—x) and Q?(1—x)?, and stops running belo®@?(1—x)?
since it must be Lorentz invariant, and invariant under res{3,7]. Consistency of the effective theory implies that the

caling of the vectors; . As 57—, SCET anomalous dimensions are linear inulto all orders
in perturbation theory. The SCET formulation also avoids the
ywlas, 7)—Inyl(as), (130  Landau pole singularity in the resummed cross-section.

which defines the cusp anomalous dimendigi16]. To two

loop order[16] ACKNOWLEDGMENTS
a ag\? 67 w%| 5 | would like to thank C. Bauer, |. Z. Rothstein, I. W.
Pe=—Cet| ] CrlCal 357 73] “gTFNe|- (13D Stewart, and M. B. Wise for discussions. Some of this work
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We have seen earlier that the equality of the anomalou§Upported in part by the Department of Energy under Con-
dimensions in the target rest frame and Breit frame impIieéraCt No. DE-FG03-97ER40546.
that the Ik terms in the anomalous dimension from the ul-
trasoft and collinear graphs are related, so that —I"; can
be determined from the ultrasoft graph alone. The anomalous APPENDIX: MOMENTS
dimension Eq(129) is computed with two Wilson lines with
n?+0. The ultrasoft anomalous dimension computed earlier Let f(2), g(z) and h(z) be functions defined for €2
is obtained by taking the limit,—n, nz—ﬁ which are <1. The convolution of andg, h=fxg=gxf is defined by
both null vectors. Using;><n; andp,on,, one has

1 1
, (2n-np)?  Q* h(z)zf dxf dy&(z—xy)f(x)g(y)
= 2.2 2.2 (132 0 0
nin; P1P2
dy [z
and :j —f(—)
Ly Ty a(y)
1 Q*
In 7= =In . 133 Ldx z
727 023 (133 =J2Yf(x)g(; . (A1)
The graph Withpi2—>0 in pure dimensional regularization
2 2
replacesp’ by u%, so that The moments of a function are defined by
2
In = In%. (139 L
uWH2)]= [ a2 ), (82)
0
Comparing Egs(130),(134) with Eq. (114) gives
1 . .
(a9 =—Ay(ag=T1(ag)= EBl(as)- (135 and satisfy the relation
Using Eq.(135) for A;, By, and Eq.(117) for Ay, By in Eq. My fxg]=My[fIMnLg]. (A3)

(118 gives Fy including all terms of ordew that do not
vanish adN— <, and including the first two seridg ; in Eq.
(2). The moments we need are
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Mn[6(1-2)]=1,

PHYSICAL REVIEW D68, 114019 (2003

Mn[6(1—-2)]—1,

1 MN[l]—>0,
ML= M[1—2]—0,
z' _
MN ( ) —>H _In N,
MN[l_Z]Zm, 1-z 4 '
In(1-2) 1I 2N 1 )
7 N—1+r 1 N ? X HE n +§§( )
MN l—Z + __J=1+r ]_ (AG)
For functions defined on-{«,»), one can define the
=H.—H moments ovef0,1] as in Eq.(A2) as well as the half-infinite
r N—1+r> P
and infinite moments
N—1 o
1-z ), | =207 0

0
wlf@1- [ ),

(A5) My[f(2)]= f:dzz'\“lf(z)

_ =My[f(2)]+M{[f(2)].
The largeN limits of the moments areN=Ne’E) [2] (A7)
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